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$\beta=1$ $d$ f $ffi^{1}J\beta@\vee\vee$
$F(x)\equiv 0(mod N)$ $\delta\langle 2>5/4-(3\ell-1)/(3\ell+1)\backslash \backslash$
Howgrave-Graham, Boneh-













$n$ $\{$ 1, $\ldots.,$ $n\}$ $[n]$
$x,$ $A$ $N$ $<$
$Amod N\Leftrightarrow[0\leq x<A or N-A<x<0]$
Coppersmith $\prec$
$(i_{1}, i_{2})$ $(i_{1}’, i_{2}’)$ $(il, i_{2})$ $\prec(i_{1}’, i_{2}’)$
$i_{1}<i_{1}’$ $[i_{1}=i_{1}’$ and $i_{2}<i_{2}’]$
1 1
$\overline{* }$$\Re$ lS4-8795
$x_{1}^{i_{1}}x_{2_{-}}^{i_{2}}\prec x_{1}^{i_{1}’}x_{2}^{i_{2}’}\Leftrightarrow(i_{1}, i_{2})\prec(i_{1}’, i_{2}’)$
4-2-1 $n$- $n$
1809 2012 79-86 79
$x_{1},$ $x_{2},$ $\cdots$ $y$ $x_{1}>$ (3)
$x_{2}>\cdots>y$ $L$





$f(x_{1}, \ldots, x\ell, y)$ $4^{2}$
$ax_{1}^{i_{1}}\cdots x_{\ell}^{i\ell}y^{j}$
(head term) $HT(f)$
$a,$ $y^{j}x_{1}^{i_{1}}\cdots x_{\ell}^{i\ell}$ $(i_{1}, \ldots, i_{n},j)$
(head coefficient), $(head mono- g(x, y)$ $=$
mial), $HC(f),$ $HM(f),$ $HI(f)$
$\sum_{i,j}a_{i},jX^{i}yi$ $X,$ $Y$
1
$A$ $B$ $\mathbb{Z}^{\ell}$ $\mathcal{V}(g;X, Y)=(a_{0,0}, a_{0,1}X, \ldots, a_{i_{w},j_{w}}X^{i_{w}}Y^{i_{w}})$
$g(x, y)$ $a_{i,jx^{i}y^{j}}$
$A+B=\{(a_{1}+b_{1}, \ldots, a\ell+b_{\ell})$ : $(a_{1}, \ldots, a_{\ell})\in$ $a_{i,j}X^{i}Y^{j}$ $g$
$A,$ $(b_{1}, \ldots, b_{\ell})\in B\}$ $\{(i_{k},j_{k})\}_{k=1}^{w}$





$|\mathcal{V}(g;X, Y)|$ $X,$ $Y$
$F(x, y)$ ,
$\nearrow$ $||g||_{XY}$
$W$ , $X,$ $Y$
$F(x, y)\equiv 0(mod W)$ (1)
1. $([9J,[11J)X,$ $Y,$ $W$ $h(x, y)$
$(x, y)$ $|x|<X$ $|y|<Y$
$w$
$y|XY$$||h(x)||$ $<W/\sqrt{w}$(1),
$X,$ $Y$ 3 $\forall x, y, |x|<X, |y|<Y$













$\forall g_{1},$ $g_{2}\in L\Rightarrow g_{1}+g_{2}\in L$

















1. $[3JL$ $c$ $v_{1},$ $\ldots,$ $v_{c}$
$LLL$








Input: $F(x, y)\in \mathbb{Z}[x, y],$ $W,$ $X,$ $Y;/\backslash ^{l}\overline{-7}$
$c\geq 1,$ $m\geq 2$ ;
Output: $|x|<X$ $|y|<Y$
$F(x, y)\equiv 0(mod W)$
















$=\{a_{1}g_{1}+\cdots+a_{c}g_{c}:a_{i}\in \mathbb{Z}$ for $k\in[c]\}$
$X,$ $Y$
Coppersmith
$L(\mathcal{V}(g_{1};X, Y), \ldots, \mathcal{V}(g_{c};X, Y))$ $L(G;X, Y)$
$\det(G;X, Y)$
Coppersmith






1 $i=1,2$ $L(G;X, Y)$ $e$ $d$
LLL- 2 $v_{1}$ $v_{2}$ $ed\equiv 1(mod \varphi(N))$ [1]
$N^{m}/w$ $e\approx N,$ $P\approx q$
1 $v_{1}$ $v_{2}$ $p+q<3N^{0.5}$ $d$ $N$
$i=1,2$ $v_{i}=\mathcal{V}(h_{i};X, Y)$ $\beta\in(0,1)$ $N^{\beta}=d$
$h_{1}=h_{2}=0$ $e$ $d$ $k,$ $s$
$ed+k(N+s)=1$
Coppersmith $(x, y)=(k, s)$ RSA
1
$F(x, y)\equiv 0(mod W)$ $f_{RSA}(x, y)=-1+x(y+N)\equiv 0(mod e)$ (7)
$X,$ $Y$ $\beta<0.5$ $<N^{\beta}$ $|y|<3N^{0.5}$
(5) G
81
$(k, s)$ $G_{k}=\{g_{1}^{(k)}, \ldots,g_{c_{k}}^{(k)}\}$
$s=-(p+q)$
$N$ RSA $\ell_{1}\in[c_{1}],$ $\ell_{2}\in[c_{2}]$ $g_{\ell_{1}}^{(1)}.$
$g_{2}^{(2)}$ (9)
3 Coppersmith $\mathcal{A}=\{\sum_{\ell\iota,\ell_{2}}a\ell_{1},\ell_{2}g_{\ell_{1}}^{(1)}g_{\ell_{2}}^{(2)}$ : $a\ell_{1},\ell_{2}\in \mathbb{Z}\}$
Coppersmith$C$ $p $ 2 $\mathbb{Z}$ $\mathscr{Q}$ $\ell\ovalbox{\tt\small REJECT}$(l)$\ovalbox{\tt\small REJECT}$g$\ell$(22 )$\}\Psi\ell$,/li’$\ell$2$>^{\theta}$
$y$
$\mathcal{A}$
$F_{1}(x_{1}, y)\equiv 0(mod W_{1})$
(8) $G_{k}$ strictly increasing degree or-$F_{2}(x_{2},y)\equiv 0(mod W_{2})$




2 $F_{1}(x_{1}, y)$ $F_{2}(x_{2}, y)$ , $I_{+}=I_{i}+I_{2}$ $I+$
$W_{1}$ $W_{2}$ , $X_{1},$ $X_{2},$ $Y$ , $(i_{1}, i_{2}, j)$ (9)
$c$ $m$ Step 1 3
$g_{i}(x_{1},x_{2}, y)$ $g_{i_{1},i_{2},j}^{+}= \sum a_{\lambda}g_{\lambda}^{(1)}g_{\lambda}^{(2)}$ (10)
$\forall x_{1},$ $x_{2},$ $y\in \mathbb{Z},$
$(*)$





$L(G)$ Step2 $L(G;X_{1}, X_{2}, Y)$
LLL-
2 $c_{+}$ $=$
$\{g^{+}. . :(i_{1}, i_{2},j)\in I_{+}\}$ $L(G_{+})$




Coppersmmth $-$ $k=12$ $arrow$





$I_{k}=\{(i_{1}(k, \ell), i_{2}(k,\ell),j(k, \ell))$ :
$k=1,2$ $F_{k}(xk, y)\equiv 0(mod W_{k})$ $\ell\in[c_{k}]\}$
$L(G_{k})$ , $L(G_{k};X_{1}, X_{2}, Y)$
82
$F_{k}(x_{k}, y)\equiv 0(mod e_{k})$
[1]
$g_{i,j}^{(k)}=x_{k}^{i-j}F_{k}(x_{k},y)e_{k}^{m-j}$
2. $i=1,2$ $G_{i}=\{g_{1}^{(i)}, \ldots, g_{k_{i}}^{(i)}\}$
$\ovalbox{\tt\small REJECT} ffl_{i}\lambda c\#JF_{k}(xk, y)\equiv 0(mod ek)l^{\vee}\cdot\ovalbox{\tt\small REJECT}$
strictly increasing degree $order_{\backslash }$ (2 f $\check{}\tilde{}$ $f_{\vee}\prime’ HM(g_{i}^{(k)}.)=x_{k}^{i}$$p,ffi:\lambda\ovalbox{\tt\small REJECT} f\mathbb{Z}_{-}biE;A^{j}BR_{\backslash \backslash }^{k m}$
$L(G_{i};X_{1}, X_{2}, Y)$
$G_{k}=\{g_{i,j}^{(k)}:(i,j)\in \mathbb{Z}^{2},0\leq j\leq i\leq m\}$
: $(il, i_{2},j)\in I_{+}\}$ $\sqrt[\backslash ]{}\check{\mathcal{T}}^{\grave{\backslash }}\backslash \nearrow^{\backslash }$$G_{+}=\{g_{i_{1},i}^{+}$
$\wedge$ $[|fiE$
$\exists_{\backslash }\not\in$





$(il, i_{2}, j)\in I+$ $x_{1},$ $\ldots,$ $x_{\ell},$ $y$
$HI(g_{i,j}^{(k)})$ $=$
$g_{i_{1},i_{2},j}^{+}=ax_{1}^{i_{1}}x_{2}^{i_{2}}y^{j}$ $(0, \ldots, 0, i, 0, \ldots, 0,j)(k$ $i,$ $\ell+1$
$+(x_{1}^{i_{1}}x_{2}^{i_{2}}y^{j} + i, )$
) $G_{k}$ $=$





$=\{(i$ $1, \ldots, i_{\ell}, j):0\leq i_{1}, \ldots, i_{\ell}\leq m$
and $0\leq j\leq i_{1}+\cdots+i_{\ell}\}$
$Bx_{2}^{i_{2}^{-}}y^{j^{\overline{\prime}}}$
$(i_{1}, \ldots, i_{\ell},j)\in I+$ (9)
$(i_{1}^{-},0,\overline{j})\in$ Il $(0, i_{2}^{-}, j^{\overline{\prime}})\in I_{2}$
$(i_{1}^{-}, i_{2}^{-},\overline{j}+j’)-\in I+\cdot$
$(i_{ }^{-}\overline{j})\preceq HI(9_{\lambda}^{(1)})$ $g_{i_{1},\ldots,i\ell,j}= \sum_{j_{1},\ldots,j\ell}a_{j_{1},\ldots,j\ell}\cdot g_{i_{1},j_{1}}^{(1)}g_{i_{2},j_{2}}^{(2)}\cdots g_{i\ell,j\ell}^{(l)}$
$(0, i_{2}^{-},j^{\overline{\prime}})$ $\preceq$ $HI(g_{\lambda}^{(2)})$ $(i_{1}^{-},$ $i_{2}^{-},\overline{j}+$
$\overline{j},)$ $\preceq HI(g_{\lambda}^{(1)})+HI(g_{\lambda}^{(2)})$ $=HI(g_{i_{1},i_{2},j}^{+})$ . (10)
$HM(g_{i_{1},j_{1}}^{(1)}g_{i_{2},j_{2}}^{(2)}\cdots g_{i\ell,j\ell}^{(\ell)})=x_{1}^{i_{1}}\cdots x_{\ell}^{i_{\ell}}y^{j}$
$L(G_{+};X_{1}, X_{2}, Y)$ $\square$ $0\leq j_{k}\leq i_{k}$
$j_{1}+\cdots+i\ell=i$ $(il, . . . , j_{\ell})$
$a_{j_{1},\ldots,j_{\ell}}$
4 2
RSA $=GCD_{j_{1},.,j_{\ell}}1,\ldots,l.\ell.’ j(HC(g_{i_{1}}^{(1)_{j_{1}}}g_{i_{2}}^{(2)_{j_{2}}}\cdots g_{i\ell}^{(\ell)_{j_{\ell}}}))$
$HC(g_{i})$
RSA $HC(g_{i_{1},j_{1}}^{(1)}g_{i_{2},j_{2}}^{(2)}\cdots g_{i\ell}^{(\ell)_{j_{\ell}}})$
Howgrave-Graham Seifert[10], Sarkar $=$ $e_{1}^{m-j_{1}}$ $\cdots e_{\ell}^{m}$ $j_{k}$ $\ovalbox{\tt\small REJECT}$ $0$
Maitra[16, 17] $\min(i_{k}, j)$








2 $L(G_{+;}X_{1}, \ldots, X_{\ell}, Y)$
$F_{1}(x_{1}, y)=-1+x_{1}(y+N)\equiv 0(mod e_{1})$
$(i_{1}, \ldots, i_{\ell},j)$
$\mathcal{V}(HT(gi_{1},:..,i\ell,J);X_{1}, \ldots, X_{\ell}, Y)=$:
$e_{1}^{m-\min(i_{1},j)}\cdots e_{l}^{m-\min(i\ell J)}X_{1}^{i_{1}}\cdots X_{\ell}^{i_{\ell}}Y^{j}$
$F_{\ell}(x_{\ell}, y)=-1+x_{\ell}(y+N)\equiv 0(mod e_{\ell})$
(11)
$L(G_{+};X_{1}, \ldots, X_{\ell}, Y)=$
$|x_{k}|<X_{k}:=N^{\beta}$ $|y|<Y:=3N^{0.5}$




$\det(G_{+};X_{1}, \ldots, X_{\ell}, Y)^{1/|I_{+}|}$ $<$ $I_{1},$
$\ldots,$
$I_{\ell},$ $I_{+}$
$(e_{1}\cdots e_{\ell})^{m}$ $e\iota\approx e_{2}\approx\cdots\approx$ $(i_{1}, \ldots, i_{\ell})\in I+$ $gi_{1},\ldots,i\ell,j$
$e\ell\approx N,$ $X_{1}=\cdots=X\ell=N^{\beta}$ $Y\approx N^{0.5}$
$HT(g_{i_{1},\ldots,i_{\ell},j})$
$\sum_{(i_{1},\ldots,i_{\ell},j)\in I}[05j+$
$(i_{1}$ $+i_{\ell})\beta$ $=$ eml -, $\min(i_{1},j)\ldots e_{\ell}^{m-\min(i_{\ell},j)}M^{\ell m-j}x_{1}^{i_{1}}\cdots x_{\ell}^{i_{\ell}}\emptyset$
$- \sum_{k=1}^{\ell}\min(i_{k},j)]<0$
$L(G_{+};X_{1}, \ldots, X_{\ell}, Y)$(12)
$= \prod_{(i_{1},\ldots,i_{\ell},j)\in I+}[e_{1}^{m-\min(i_{1},j)}\cdots e_{\ell}^{m-\min(i_{\ell},j)}$
$(- \frac{3}{16}\ell^{2}+\frac{5}{48}\ell+(\frac{l^{2}}{4}+\frac{\ell}{12})\beta)m^{\ell+2}$
$e_{k}\approx N,$ $X_{k}\approx N^{\beta},$ $Y\approx$















$J$ $\ell>$$-3$ $\ovalbox{\tt\small REJECT} 9$
$(e_{k}, N)$ $d_{k}$ $d_{k}$ $(<N^{\beta})$ ,




$\beta=1$ $(e, N)$ $d$
$N$
$(ek, N)$ $d_{k}$ 0.$9n$
$N$
$\backslash \backslash$ Coppersmith













$(x_{1}, \ldots, x\ell, y)$ $\beta-\delta<(\ell-05)/\ell$ $16GB$
$N$




(2) $G_{k}=\{g_{i,j}^{(k)}:(i,j)\in$ Shoup NTL 5.5.2[13]
$\mathbb{Z}^{2},0$ $\leq$ $i$ $\leq$ $i$ $\leq$ $m\}$ GMP 5.0.4[7]









Step 1 $\beta$ $\delta$
$+$ $\cross$
Euler-Jacobi $a=2,3,5,7$ $+$ $\cross$
Step 2 $\beta=1$ $\delta\geq 0.94$
LLL NTL
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